ABSTRACT: Analytical models based on the compatibility of deformations and equilibrium of forces are presented to predict the stresses and deformations in concrete beams strengthened with fiber composite plates epoxy-bonded to the tension face of the beams. The models are given for beams having rectangular and T cross sections. A parametric study is conducted to investigate the effects of design variables such as plate area, plate stiffness and strength, concrete compressive strength, and steel reinforcement ratio. The moment versus curvature diagrams for various combinations of these variables are plotted and compared. The results indicate that bonding composite plate to a concrete beam can increase the stiffness, yield moment, and flexural strength of the beam. The method is particularly effective for beams with a relatively low steel reinforcement ratio.
INTRODUCTION
A large number of bridges in the United States are either structurally deficient or functionally obsolete. To adequately serve present and future traffic needs, innovative and effective techniques need to be developed to strengthen these structures. Among the methods used to strengthen concrete bridges is the addition of epoxy-bonded steel plates to the tension flange. Bonding steel plates to the tension flange increases both the strength and stiffness of the girder and reduces cracks. This technique has been widely used in many countries, e.g., Australia, Japan, Switzerland, and South Africa. However, its application in the United States has been almost nonexistent (Klaiber et al. 1987 ). This strengthening method offers several advantages; (1) It is economical and can be rapidly applied in the field with little or no disturbance to bridge operation; (2) it does not alter the configuration of the structure; and (3) it does not reduce the overhead clearance. A disadvantage of this technique, however, is the corrosion of steel plate. Corrosion can damage the bond and eventually result in the failure of the structure. This problem can be avoided by using corrosion-resistant fiberreinforced-plastic (FRP) plate in lieu of steel plate. The effectiveness of such a technique has been demonstrated in an experimental investigation, which is summarized in an accompanying paper (Saadatmanesh and Ehsani 1991) . This paper presents analytical models for predicting stresses and deformations in concrete beams externally reinforced with epoxy-bonded FRP plates. Fig. 1 shows cross sections of typical rectangular and T-beams that were used in the analytical study. Note. Discussion open until April 1, 1992. Separate discussions should be submitted for the individual papers in this symposium. To extend the closing date one month, a written request must be filed with the ASCE Manager of Journals. The manuscript for this paper was submitted for review and possible publication on May 4, 1990. This paper is part of the Journal of Structural Engineering , Vol. 117, No. 11, November, 1991 
PREVIOUS STUDIES
Very few analytical studies of concrete girders strengthened with epoxybonded steel plates are reported in the literature. No study of beams strengthened with fiber composite plates could be found.
Oehlers (1988) studied the flexural peeling stresses on the serviceability and ultimate strength of upgraded concrete beams. The failure of beams caused by large cracks in the concrete region between the plate and the longitudinal steel rebars was categorized in terms of forces that were present near the ends of the plates. Two distinct modes of failure were referred to: (1) Shear peeling, induced by the formation of shear diagonal cracks, which are associated with rapid separation of the plate; and (2) flexural peeling, induced by increasing curvature, which is associated with a gradual separation of the plate. The research was focused mainly on the problem of flexural peeling and the effect that shear forces had on flexural peeling up to the formation of diagonal shear cracks. Equations were developed to predict the ultimate peeling moment that causes the complete separation of the plate from the beam, and serviceability peeling moments that cause the initial formation of peeling cracks. It was concluded that the peeling strength depended on the flexural rigidity of the cracked plated section, the tensile strength of the concrete, and the thickness of the plate, and it did not depend on the previous loading history of the beam or the initial curvature of the beam.
Hamoush and Ahmad (1990) investigated the behavior of damaged concrete beams strengthened by externally bonded steel plates, using linearelastic fracture mechanics and the finite element method. The study investigated the failure by interface debonding of the steel plate and the adhesive layer as a result of interfacial shear stresses. Simply supported concrete beams under monotonically increasing symmetrical loads were considered in the study. The following parameters were studied: the effect of vertical flexural cracks in the concrete and the interfacial crack between the steel plate and the epoxy layer upon the ultimate load capacity, and the thickness of the epoxy layer and the position of the external load upon the changes in the strain energy release rate and the stress intensity factors. It was assumed that the horizontal interface cracks between the steel plate and adhesive layer were developed from the bottom tip of the flexural crack nearest to the support, and they extended horizontally outward toward the supports. They reached the following conclusions for the range of variables they studied: (1) For undamaged concrete beams, the strain energy release rate for an interface crack between steel plate and adhesive layer is negligibly small, and the steel plate-strengthened beam has high interface debonding load; (2) the strain energy release rate initially reaches a maximum value when the length of the interface crack is approximately equal to the length of the flexural cracks; (3) the existence of a larger number of flexural cracks (more than five) releases the shear stress at the interface, and that leads to the reduction in the strain energy release rate and stress intensity factors; (4) for the thicknesses of the adhesives studied [2.5 s t < 6.35 mm (0.1 < t < 0.25 in.)], no noticeable effect on the strain energy release rate and the stress intensity factors was observed.
OBJECTIVES
Many factors affect the strength and ductility of beams strengthened with fiber composite plates. To address the effects of some of the basic design variables, this study focuses on the following objectives:
1. To present analytical models that predict the stresses and deformations in concrete beams strengthened with epoxy-bonded fiber composite plates in the elastic and inelastic regions.
2. To investigate the effects of design variables such as the steel reinforcement ratio, concrete compressive strength, plate area, and plate stiffness on the yield and ultimate moments of upgraded beams.
ANALYSIS
Simplified analytical methods are developed to predict stresses and deformations in rectangular and T-beams strengthened with epoxy-bonded FRP plates. Fig. 1 shows the cross sections of the rectangular and T-beam that were used in the analytical study. The following assumptions are made in the analysis: (1) Linear strain distribution through the full depth of the beam; (2) small deformations; (3) no tensile strength in concrete; (4) no shear deformations; and (5) no slip between composite plate and concrete beam. It is further assumed that the area of the plate and, therefore, the ultimate force in the plate are sufficiently small so that shear failure of concrete layere between the plate and longitudinal steel rebars will not occur.
Stress-Strain Curves
The stress-strain relationship of steel rebar is assumed to be elastic-ideally plastic for purposes of analysis. Grade 60 steel with a yield stress of 414 MPa (60 ksi) is used in the analysis.
The glass-fiber-reinforced composites generally behave linearly elastic to failure. A wide range of composites with different mechanical properties is available. For the purposes of a parametric study, two combinations of ultimate strength and modulus of elasticity are used for the composite plate: F p = 414 MPa (60 ksi) with £ = 34.5 GPa (5,000 ksi), and F p = 827 MPa (120 ksi) with E p = 68.9 GPa (10,000 ksi), where F p = ultimate strength of composite plate; and E p -modulus of elasticity of composite plate.
Hognestad's parabola of idealized stress-strain curve for concrete in un-laxial compression is used (Park and Paulay 1975) . Fig. 2 shows the stressstrain curve of concrete, where/" = kf' c , k = 0.92 for/; = 34.5 GPa (5,000 ksi) (Park and Paulay 1975);/; = concrete compressive strength;/. = stress in concrete; e 0 = strain in concrete at maximum stress; e c = strain in concrete; and E c = initial tangent modulus of concrete.
Calculation of Strains, Stresses, and Curvature
The strains and stresses in the FRP plate, steel rebar, and concrete, as well as the curvature at midspan, are calculated using an incremental deformation technique described in the following. For the convenience of calculations, strain in the extreme fiber of concrete e cf , rather than the load, is increased in specified increments to generate the moment-curvature curves. Fig. 3 shows the strains and stresses across the depth of a typical rectangular beam with a composite plate bonded to the tension face. The strain in the extreme fiber of concrete in compression at midspan e cf is increased until failure is reached. It is assumed that failure is reached when either the concrete strain reaches 0.003 or the composite plate reaches its ultimate strain. Next, strains in the rebars and composite plate are calculated in terms of e c/ from the following equations where e" = strain in steel rebar at level i; c = distance to neutral axis measured from top concrete fiber; d t = distance from top concrete fiber to centroid of steel rebar in layer i; e pl = strain in composite plate; and d p , = distance from top concrete fiber to centroid of composite plate. The steel stresses f si and plate stress f p , corresponding to strains E"-and e p , are found from the stress-strain curves for steel and plate
(4)
where E s = modulus of elasticity of steel; e y = yield strain of steel; f = yield stress of steel; and E pl = modulus of elasticity of composite plate. The steel forces S ( and plate force, P are found by multiplying the steel stresses by their corresponding areas and the plate stress by plate area, respectively (6) (7) "/ fsi-^si
where A si = total area of steel in layer /; and A p , = area of composite plate.
The distribution of concrete stresses in the compression zone is found from the stress-strain curve of concrete. The concrete stress-strain relationship is expressed as follows 
For any given concrete strain in the extreme compression fiber e c/ , the concrete compression force C c is expressed in terms of a parameter a, defined as follows (Park and Paulay 1975) C c = uflbc
The parameter a (mean stress factor) is used to convert the nonlinear, stress-strain relationship of concrete into an equivalent rectangular stressstrain curve. It is calculated by equating the area under the stress-strain curve to an equivalent rectangular area
where A = area under stress-strain curve of concrete.
Then, a is obtained from
Evaluating the right side of (12) 
where d c = distance from top concrete fiber to line of action of concrete compressive force. The first moment of area under the concrete stress-strain diagram about the origin Q is given by
where e c = strain at centroid of area under stress-strain diagram. The strain at centroid E C can be defined in terms of E cf by e e = (1 -y)E cf (16) and therefore
The parameter 7 (centroid factor) is obtained by equating (15) The location of the neutral axis c is obtained from the equilibrium of internal forces as given by (20) . Eq. 20 is solved iteratively until the equilibrium of forces across the depth of the cross section is satisfied af"bc + X fsiAi + fpiA pl = 0 (20) The internal resisting moment is obtained by summing the moments of all internal force about an axis
The curvature at midspan is calculated by dividing the concrete strain e cf by the distance to the neutral axis c (22) The moment and curvature at the midspan of beams with T cross sections are calculated using the equations just presented when the neutral axis falls within the thickness of the flange. However, for the case in which the neutral axis falls within the web, parameters a and 7 must be redefined to incorporate the effect of change in the width of the cross section at the flangeweb junction. Fig. 4 shows the strains and stresses across the depth of the T-beam for the case in which the neutral axis falls within the web, where e, n = strain at the flange-web junction.
Depending on the relative magnitudes of e lu , e 0 , and e cf , three cases must be considered for calculations of parameters a and y. The expressions for these parameters are given in the following. In each case, the compressive force in the concrete is divided into two components: one acting in the web C c , and the other acting in the flange C Cn and, therefore, for each force component two sets of parameters a and y are given . (27) (28a)
. (29) •(30) The location of the neutral axis is obtained from the equilibrium of forces across the depth of the cross section similar to that for the rectangular section. The internal resisting moment and curvature also are obtained in the same manner as those for the rectangular section.
A computer program was developed to carry out the numerical calculations. The results of the analytical models were compared with test results of several retrofitted concrete beams. Generally, the measured and analytical results correlated well (Saadatmanesh and Ehsani 1991).
PARAMETRIC STUDY
To investigate the effects of design variables such as steel reinforcement ratio, plate area, plate ultimate strength and stiffness, and concrete compressive strength on the moment-curvature relationship of upgraded beams, a parametric study was conducted. The moment-curvature diagrams are generated for rectangular and T-sections, shown in Figs. l(a and b) , respectively. In the plots, each curve is identified with an acronym, where the first symbol stands for the cross section type, i.e., R = rectangular beam and T = T-beam; the second symbol stands for compressive strength of concrete, i.e., 3 indicates 20.6 MPa (3,000 psi) and 6 indicates 41.4 MPa (6,000 psi); the third symbol stands for reinforcement ratio, i.e., L indicates a low reinforcement ratio or p = 0.005 and H indicates a high reinforcement ratio or p = 0.015; the fourth symbol stands for the combination of modulus of elasticity and ultimate strength of plate, i.e., 5 indicates E p = 34.5 GPa (5,000 ksi) and F p = 414 MPa (60 ksi) and 10 indicates E p = 68.9 GPa (10,000 ksi) and F p = 828 MPa (120 ksi); finally, the last symbol indicates the ratio of plate area to gross area of concrete, i.e., L indicates A p ilbh = 0.0025; M indicates A p ilbh = 0.005; and H indicates A p ,lbh = 0.015, where b = width of web; and h = height of cross section. Each curve is terminated either when concrete in compression reaches a strain of 0.003 or when the composite plate reaches its ultimate strength. Fig. 5 shows the moment versus curvature diagrams for the section with three different ratios of plate area to gross concrete section, i.e., A pl lbh = 0.0025, 0.005, and 0.015. The remaining parameters are held constant at the following values: f' c = 20.7 MPa (3,000 psi); p = 0.005; F p = 414 MPa (60 ksi); and E p = 34.5 GPa (5,000 ksi). In addition, the moment versus curvature for the same section without plate is plotted with dashed-dotted lines. The low reinforcement ratio of this beam is intended to represent a beam designed with insufficient flexural steel or one in which corrosion has caused a significant reduction in the area of tension reinforcement. It can be seen from the figures that the addition of composite plate to the section significantly increases the yield and ultimate moments. The stiffness of the section also is increased as a result of plating. The failure in each case resulted from crushing of concrete at a strain of 0.003. Fig. 5 also shows that the curvature at failure reduces as the area of plate increases; however, the area under moment-curvature diagram does not decrease appreciably. Fig. 6 shows the moment-curvature diagrams of the beam with the same three ratios of plate area to gross concrete area. All other variables are the same as those in Fig. 5 except the reinforcement ratio. In this case, the beam has a higher steel reinforcement ratio, i.e., p = 0.015. As can be seen from Fig. 6 , the gain in the yield and ultimate moments, beyond those for the beam without plate, are not as significant as those in the previous case in which the beam had a smaller steel reinforcement ratio. The reason is that the compressive component of the internal moment couple delivered by concrete cannot be increased beyond a certain limit due to crushing of concrete. This also limits the tensile component of the internal moment provided by the combined action of the plate and steel rebar. As a result, the plate in this case could not be used as effectively as that in the previous case. This cannot, however, be considered a major disadvantage because this technique will be used when there is a lack of sufficient reinforcement in the beam. Also, the results of moment versus curvature diagrams show that for beams with high steel reinforcement ratio, a stiffer plate in combination with a higher strength concrete will be more effective, as can be seen from the plots in Fig. 7 . The steel reinforcement ratio in this beam is the same as that for the beam in Fig. 6 ; however, because of the higher strength of plate and and concrete, the relative gains in the yield and ultimate moments are greater than those in the previous case.
RECTANGULAR BEAMS
The effect of an increase in compressive strength of concrete on the moment-curvature behavior of the section also is shown in Fig. 8 . The design variables of this beam are the same as those for the beam in Fig. 5 except the concrete compressive strength is doubled. Comparison of Fig. 5 and 8 shows that increasing the compressive strength in combination with the addition of the composite plate significantly increases the ultimate moment of the beam beyond those in Fig. 5 . This is because of an additional internal moment couple produced by the tensile forces in the plate and rebar and an equal compressive force delivered by the higher strength concrete. The failure in each occurred when the plate reached its ultimate strength. The upgraded beams show less ductility than the beam without plate. Fig. 9 shows the moment versus curvature diagrams for beams with low reinforcement ratio and concrete compressive strength, but with plates of high modulus and ultimate strength for the three different plate area-togross-concrete-area ratios. As was observed in Fig. 5 , it can be seen that plating significantly increases the yield and ultimate moments beyond their original values, particularly when a stiff strong plate is used in beams with a relatively low reinforcement ratio. Fig. 10 shows the increase in the ultimate moment of beams as a function of plate area. The dashed line indicates the increase in moment for composite plate with E p = 34.5 GPa (5,000 ksi) and F p = 414 MPa (60 ksi). The solid line indicates the increase in moment capacity for composite plate with E p = 68.9 GPa (10,000 ksi) and F p = 828 MPa (120 ksi). Five different ratios of plate area to gross concrete section were used in this plot; namely, A p ilbh = 0., 0.0025, 0.005, 0.010, and 0.015. For both types of plates, the ultimate moment capacity increases as the plate area increases. However, the rate of increase in the ultimate moment capacity decreases as the plate area increases. Fig. 11 shows the relationship between the ultimate moment and reinforcement ratio for four beams with A p ,/bh = 0., 0.0025, 0.005, and 0.015. The ultimate moment increases as a result of an increase in both the reinforcement ratio p and the ratio of plate area to gross concrete section. However, the rate of increase in the moment capacity reduces as the plate area increases, as can be seen from the reduction in the slopes of the curves from the bottom to the top of the figure. In these plots, three different reinforcement ratios were used to generate each curve, i.e., p = 0.005, 0.010, and 0.015. Fig. 12 shows the effect of an increase in the compressive strength of concrete on the ultimate capacities of beams with no plate and beams with the three different ratios of plate area. Increasing the concrete compressive strength only slightly increased the ultimate capacity of the beam with no plate. However, for the upgraded beams, as the plate area increases the rate of increase in moment capacity increases, as can be seen from the increasing slopes of the curves from bottom to top in Fig. 12 . This behavior of the upgraded beams can be particularly useful in older bridges where the deck must be replaced. Using higher strength concrete for the replacement deck in such cases in combination with composite plates bonded to the tension face of the girders can significantly increase the ultimate moment capacity of the bridge.
T-BEAMS
The moment versus curvature diagrams for the cross section shown in Fig. (lb) are plotted for the same design variables as those for the rectangular beam. Fig. 13 shows the moment versus curvature diagram for the T-beam for four different ratios of plate area, namely, A p ,/bh = 0, 0.0025, 0.005, and 0.015, where b = the width of the web. Other design variables are held constant at the following values: /; = 20.7 MPa (3,000 psi); p = 0.005; F p = 414 MPa (60 ksi); and E p = 34.5 GPa (5,000 ksi). Fig. 13 shows that adding a composite plate to the section increases the yield and ultimate moments of the section and reduces the curvature at failure. The failure in this case was reached as a result of the composite plate reaching its ultimate strength. The reason for this failure mode was the position of the neutral axis, which was relatively closer to the top flange for the T-beam compared with that of the rectangular beam. This resulted in a longer distance between the neutral axis and the composite plate and, consequently, larger strains in the plate, which eventually resulted in the failure of the plate before crushing of concrete. Fig. 14 shows the moment-curvature diagram of the T-beam with all design parameters the same as those for the beam in Fig. 13 except a higher reinforcement ratio, p = 0.015. The behavior of the upgraded beam was similar to the beam in the previous figure; i.e., failure was reached when the composite plate failed. Adding a composite plate to the beam increased the yield and ultimate moments. However, the relative increase in these moments was not as significant as those for the beam that had lower steel reinforcement ratio (Fig. 13) . Similar results also were observed for the rectangular beam discussed in the previous section. Fig. 15 shows the increase in the ultimate moment capacity of the T-beam versus the ratio of plate area to gross concrete section. The dashed lines represent the beam with composite plate having a modulus of elasticity = E p = 34.5 GPa (5,000 ksi) and ultimate strength F p = 414 MPa (60 ksi). The solid line represents the beam behavior with composite plate having E p = 68.9 GPa (10,000 ksi) and F p = 828 MPa (120 ksi). Five different plate-area ratios were used for each curve, i.e., A pl lbh = 0, 0.0025, 0.005, 0.010, and 0.015. Fig. 15 shows that the ultimate capacity of the beam increases substantially for both types of composite plate; however, the rate of increase in the moment capacity decreases with the increasing plate-area ratio. The effect of steel reinforcement ratio on the ultimate moment of the section is shown in Fig. 16 . The behavior is very similar to that of the rectangular section, as can be seen from the figure. The ultimate moment increases as the reinforcement ratio increases; however, the rate of increase of moment capacity decreases with an increase in the reinforcement ratio. Fig. 17 shows the relationship between the ultimate moment and concrete compressive strength. The increase in the concrete compressive strength had negligible effect on the moment capacity of the section with no plate. Inceasing the compression strength of concrete for the sections with the composite plate attached to the tension face resulted in only a slight increase in the moment capacity.
CONCLUSIONS
The analytical models based on the compatibility of deformations and equilibrium of forces presented reasonably approximate the behavior of concrete beams externally reinforced with epoxy-bonded fiber composite plates when a tough epoxy is used to ensure the transfer of force from the composite plate to the concrete beam. The composite plate, bonded to the tension face of the beam, increases the stiffness, yield moment, and ultimate T-beam web width; concrete compression force; depth of neutral axis measured from top concrete compression fiber; depth measured from top concrete fiber; elastic modulus; ultimate strength; stress; beam section height; T-beam flange thickness; factor for concrete strength in member; internal moment; force in plate; first moment of area about origin of area under concrete stress-strain curve; force in steel rebar; mean stress factor; centroid factor indicating position of compression force in concrete; e = strain; and E = strain at centroid of area. Superscripts ' = compressive strength of concrete in test cylinder; and " = compressive strength of concrete in a member.
